PERTURBED ASYMPTOTICALLY LINEAR PROBLEMS 
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Abstract. The aim of this paper is investigating the existence of solutions of 
the semilinear elliptic problem 

{—An = p(x, n) + eg(x, n) in SI, . . 

n = o on an, ( ' 

where S7 is an open bounded domain of l" , e € R, p is subcritical and asymp- 
totically linear at infinity and g is just a continuous function. Even when this 
problem has not a variational structure on Hq(Q), suitable procedures and 
estimates allow us to prove that the number of distinct crtitical levels of the 
functional associated to the unperturbed problem is "stable" under small per- 
turbations, in particular obtaining multiplicity results if p is odd, both in the 
non-resonant and in the resonant case. 



1. Introduction 
Let us consider the following semilinear elliptic problem 

-Aw = p(x, u) + eg(x, u) in 51, 
i = on dil, 



(1.1) 



where f2 is an open bounded domain of M. N (N > 3) with smooth boundary dil, 
£ el and p, g are given real functions on 17 x M. 

If e = problem (1.1) has been widely investigated whenp(a;, ■) is asymptotically 
linear and possibly odd (see [1, 3] and references therein). 

On the other hand, if e ^ 0, let us consider a perturbation term g just continuous, 
without assumptions on its growth. In [12] Li and Liu state the existence of multiple 
solutions of (1.1) when p(x, •) is odd, superlinear at infinity, but subcritical (see also 
[9] and [13] for related results). Furthermore, in [13, Theorem 1.6] a multiplicity 
result is stated if p{x 1 •) is asymptotically linear at infinity and odd when g(x, •) 
is odd, too (see also Theorem 1.3 below). Here, our aim is going further in this 
direction and proving that, even when (1.1) has not a variational structure on 
Hq(XI), the number of distinct critical levels of the functional associated to the 
unperturbed problem is "stable" under small perturbations also in lack of symmetry. 

Throughout this paper suppose that there exist A el and / : S! x M — > R such 
that 

p(x,t) = Xt + f(x,t) for all t e 1 and a.c. ie!l. (1.2) 

Denote respectively by er(— A) and by < Ai < A 2 < . . . < < . . . the spectrum 
and the distinct eigenvalues of —A in Hq(£Y). 
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Let us introduce the following conditions: 

(Ho) f is a Caratheodory function (i.e. f(-,t) is measurable in f2 for all t £ 
and f(x, ■) is continuous in R for a.e. a; £ CI) and 



sup |/(-, <)| G L°°(f2) for all r > 0; (1.3) 

|t|<r 



(H\) there exists 



f(x,t) 

lim - — = uniformly with respect to a.e. x £ CI; 

|t|— >+oo i 

(H2) there exists 

lim — =: /'(0) £ R uniformly with respect to a.e. 

(F 3 ) AgV(-A); 

(P4) there exist two integers h, k > 1 such that 

min{/'(0) + A,A} < A,, < A fe < max{/'(0) + A, A}; 
(H 5 ) f(x, ■) is odd for a.e. x £ CI. 



(P t 



By (1.2) problem (1.1) becomes 

-Au — Xu = f(x, u) + sg(x, u) in CI, 
i = Q on dCl. 



If (Hq)-(Hi) hold and e = 0, it is well known that the solutions of problem (Pq) 
are the critical points of the C 1 functional 

I(u) = \ [ |Vu| 2 da;-^ [ u 2 dx - / F(x,u) dx on ^(fl), (1.4) 

withP(x,t) = fof(x,s) ds. By using the pseudo-index theory introduced by Bcnci 
in [4], it can be proven that / has at least as many distinct critical points as the 
number of the eigenvalues of —A between f'(0) + A and A, even if some of the 
corresponding critical levels may be the same (cf. [3] and, here, Section 3). 

In our first theorem we give an existence result for (P e ) and, in the easier case in 
which both / and the pertubation function g are odd, we obtain also multiplicity 
of solutions: the crucial point is that, in this case, near critical values of / there 
are critical values of odd perturbations of / (see Theorem 2.5). 

Theorem 1.1. Assume that g £ C(flxR, R) and (Ho), (Hi) and (H 3 ) hold. Then, 
there exists e > such that problem (P e ) has at least one solution for all \e\ < e. 
Moreover, if g is odd, under the further assumptions (H2), (H4) and (P5), denoting 
by rh, with 1 < rh < dhn(Mf l © ... © M^), the number of the distinct mini-max 
critical levels of the unperturbed functional I in (1.4), then problem (P e ) has at 
least rh distinct pairs of solutions for all \e\ < e . 

We point out that assumption (P3) can be avoided. Indeed, many authors 
studied problem (Po) in the so called "resonant case", but under suitable stronger 
hypotheses on the nonlinear term / (see [3] and references therein). Here, we 
consider the following further conditions: 

(H[) there exists M > such that 

\f(x, t)\ < M for a.e. x £ D, and for all t £ R; 
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(H' 3 ) there exists an integer k > 1 such that A = Afc € cr(— A); 
(H4) there exists an integer h > 1 such that 

min{/'(0) + A fc ,A fc } < A h < max{/'(0) + A fc , A fc }; 

(i?6) there exists 

lim F(x,t) = I G {±00} uniformly with respect to a.e. if!!. 

|{|— v+oo 

Theorem 1.2. Assume tfiai g 6 C(fi x R, M) and (if ), (-H(), (-H'3) and (H 6 ) hold. 
Then there exists e > suc/i that problem (P £ ) has at least one solution for all 
\e\ < e. 

Moreover, if g is odd, under the further assumptions (H2), (-H4) and (H5), the same 
multiplicity result of Theorem 1.1 holds. 

We point out that in [13, Theorem 1.6] the authors obtain a result sharper than 
our in Theorem 1.2, but it works only in the non resonant case. Furthermore, our 
approach allows us to deal also with the case in which the symmetry of problem 
(P £ ) is broken by a non-odd perturbation term g. In this case, we still obtain 
some multiplicity results, but our techniques impose to work with nonlinearitics 
such that the functional / in (1.4) has only critical levels which arise for topo- 
logical reasons, called topologically relevant (see Definition 2.10). Anyway, similar 
assumptions appear also in previous references concerning asymptotically linear 
(unperturbed) Dirichlet problems, as different approaches require sometimes that 
the critical points of the associated functional are "nondegenerate" (see e.g. [6] and 
references therein). Roughly speaking, we need to restrict a priori the set of the 
critical values of our functional / in (1.4), so that they are indeed essential ones (cf. 
Definition 2.4) and a stability result, stating that critical values of / are preserved 
for small perturbations, holds (see Corollary 2.11, while we refer to [14, Theorem 
8.10] for a related result based on Morse Theory). In [16] Reeken obtains something 
stronger. Indeed, he gives a topological description of some critical levels c of a C 1 
functional and proves that the category of the set of the critical points of small 
perturbations of the functional is lower bounded from an integer representing the 
topological description of c (see [16, Theorem 5.2]). 

Theorem 1.3. Assume that g E C(Ti x M,R) and (H )-{H 5 ) hold. If all the 
critical levels of the functional I in (1-4) are topologically relevant, denoting by in, 
with 1 < fh < dim(M? l © ... -Mfc), the number of the distinct mini-max critical 
levels of I, then problem (P e ) has at least fh distinct solutions for all \e\ < e. 

We can extend the previous theorem to the resonant case as follows. 

Theorem 1.4. Under the assumptions of Theorem 1.3, just replacing hypotheses 
(Hi), (H3), (H4) respectively by (-H{), (H' 3 ), (H^) and adding condition (Hq), the 
same multiplicity result of Theorem 1.3 holds also in the resonant case. 

Remark 1.5. The previous results hold also if in assumption (H2) it is /'(0) = 0. 
Indeed, in this case (H4) is not meaningful, but imposing a condition on the sign 
of F, a multiplicity result can still be stated (see Remarks 3.2 and 4.1). On the 
other hand, our theorems can be also proven when the limit in (-H2) is infinite, i.e. 
/'(0) £ {±00} (see Remarks 3.3 and 4.1 for more details). 

This paper is organized as follows. In Section 2 we recall some abstract tools, in 
particular concerning the notions of pseudo-index and essential value, in Section 3 



4 



R. BARTOLO, A.M. CANDELA, AND A. SALVATORE 



we deal with the unperturbed problem (Pq) and, lastly, in Section 4 we prove our 
main results. 

Notations. Throughout this paper we denote by (X, || • ||x) a Banach space, by 
(X', || • ||x') its dual, by J a C 1 functional on X and by 

• J b = {u G X : J(u) < b} the sublevel of J corresponding to b G K := 
RU{±oo}; 

• K c = {u G X : J(u) = c, dJ(u) = 0} the set of the critical points of J in 
X at the critical level cel. 

Furthermore, let us denote by 

• | • | s the usual norm in the Lebesgue space L s (il), 1 < s < +oo; 

• || • || the norm in H^tt), i.e. ||u|| = \Vu\ 2 for all u G Hq(Q); 

• 2* = jfZ2 ^ ne critical exponent for Sobolev embeddings of H^{Vt) (N > 3); 

• Mj the eigenspace corresponding to the eigenvalue Xj of —A in Hq(£1) and 
Uj the component of u in Mj, for any integer j > 1 and for each u G Hq(Q); 

• H-(J) = Mi and H+(J) =0M (! for any integer j > 1; 

i<j i>j 

• Cj a positive real number, for any integer j > 1. 

2. Some abstract tools 

We recall the well-known Palais-Smale condition. 

Definition 2.1. The functional J satisfies the Palais-Smale Condition at level c 
(c G R), briefly (PS) C , if any sequence (u„)„ C X such that 

lim J{u n )~c and lim ||dJ(u„)||x' = 0, 

converges in X, up to subsequences. In general, if — oo < a < b < +oo, J satisfies 
(PS 1 ) in ]a, b[ if so is at each level c G]a, i>[. 

Beside the existence critical point theorems, under this condition sharper results 
can be proven when one deals with symmetric functionals (see e.g. [2]). In [3] 
multiplicity results for critical points of even functionals are stated and their proofs 
are based on the use of a pseudo-index theory. In order to introduce such definition, 
let us recall some notions of the index theory for an even functional with symmetry 
group Z 2 = {id, -id}. 

Define 

S = = {A G X : A closed and symmetric w.r.t. the origin, 

i.e. —u G A if u G A] 

and 

n = {he C{X,X) : h odd}. 

Taking A G S, A ^ 0, the genus of A is 

7(A) = inf{fc G N* : 3ip G C(A,R k \ {0}) s.t. ip(-u) = -t[>(u) for all u G A}, 

if such an infimum exists, otherwise "f{A) = +oo. Assume 7(0) = 0. 

The index theory (£,^,7) related to Z2 is also called genus (see [10] and for 
more details [17, Section II.5]). 
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According to [4], the pseudo-index related to the genus, an even functional 
J : X -> R and S 1 £ S is the triplet (5, W, 7*) such that 

H* — {h E H : h bounded homeomorphism s.t. = u if u ^ J _1 (]0, +oo[)} 

and 

7* M) = min Mh(A) n 5) for all A € E. 

hen' 

A mini-max theorem was stated in [3, Theorem 2.9] under the weaker Cerami's 
variant of the Palais-Smale condition (cf. e.g. [3, Definition 1.1]), while here we 
recall it when just the (PS) condition holds. 

Theorem 2.2. Let H be a real Hilbert space, J G C (H, R) an even functional, 
(E, T-L, 7) the genus theory on H , S G E, (S 1 , 7*) i/ie pseudo-index theory related 
to the genus, J and S. Consider a, b, cq, Coo G R, —00 <a<co<Coo<o< +00. 
Assume that: 

(i) the functional J satisfies (PS) in ]a, b[; 
(11) S c J-^fo.+ooD; 

fra) £/iere exisi an integer k > 1 and A G E suc/i £/ia£ A C J c °° and 7*(^4) > 
TTien </ie numbers 

Ci = inf supJ(w), is{l, (2-1) 

wii/i Ej = {A G E : 7* (A) > i} ; are critical values for J and 

Co < ci < . . . < q. < Cqo • 

Furthermore, if c = Cj = . . . = Q +r , tuzi/i i > 1 and i + r < k, then "f(K c ) > r + 1. 

We have already pointed out that in our main theorems we may deal with prob- 
lems (P e ) without a variational structure on Hq(Q). Hence, following [12], we use 
the auxiliary notion of essential value, as it is introduced in [8] (see also [7]) in 
the study of perturbations of nonsmooth functionals. Moreover, for even function- 
als we introduce the definition of odd-essential value, which allows us to obtain 
multiplicity results for odd perturbations. 

Definition 2.3. Let J : X -> R be continuous (resp. J even continuous) and 
a, b G R, with a < b. The pair (J b ,J a ) is trivial (resp. odd-trivial) if, for each 
neighbourhood [a', a"] of a and [f3',f3"] of b in R, there exists a continuous (resp. 
an odd continuous) map ip : J@ x [0, 1] — > J 13 such that 

(i) ip(x, 0) = x for each x G ; 
(it) <^(J' 3 ' X {1}) C J Q "; 
(Hi) ip(J a ' x [0,1]) C J a " . 

Definition 2.4. Let J : X — > R be continuous (resp. J even continuous). A real 
number c is an essential value (resp. an odd-essential value) of J if for each e > 
there exist a, 6 G]c — e, c + e[, a < b, such that the pair ( J h , J a ) is not trivial (resp. 
not odd-trivial). 

The following theorem states that small perturbations of a continuous functional 
preserve the essential values (see [8, Theorem 3.1] or also [7, Theorem 2.6]); in 
particular this holds for the odd ones, just doing some small changes in the proof 
of [8, Theorem 3.1]. 
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Theorem 2.5. Let c £ M. be an essential value (resp. odd-essential value) of 
J : X — > R continuous (resp. J even continuous). Then, for every rj > there 
exists S > such that every functional (resp. even functional) G £ C(X,W) with 

sup{|J(u) - G{u)\ :ueX}<5 

admits an essential value (resp. odd-essential value) in ]c — r], c + r}[. 

Now, we focus on the setting of smooth functionals and recall some results which 
link critical and essential values, stating in particular that the critical values arising 
from mini-max procedures are essential, if all the involved deformations are of the 
"same kind" (see [8, Theorems 3.7 and 3.9]). 

Theorem 2.6. Let c £ R be an essential value of J £ C 1 (X, R). If (PS) C holds, 
then c is a critical value of J . 

Remark 2.7. In general the reverse implication does not hold: even if (PS) C is 
satisfied, a critical value is not necessarily an essential one (see e.g. [8, Example 
3.12]). 

Theorem 2.8. Let T be a non empty family of non empty subsets of X , J £ 
C 1 (X, R) and d £ R U { — oo}. Let us assume that, for every C £ F and for every 
deformation ip : Xx [0, 1] — > X with <p(u, t) = u on J d x [0, 1], it is ip{C x {1}) £ F. 
Setting 

c = inf sup J(u), (2.2) 

if d < c < +oo, then c is an essential value of J. 

Let us point out that, if J is even, the previous theorem does not apply to the 
critical values Ci given by (2.1); in fact, if <p is a deformation as in Theorem 2.8, 
the set (p(C x {1}), C £ V, does not necessarily belong to T because <p could be not 
odd. Thus, we cannot assert that the Cj's are indeed essential values of J. Anyway, 
slight modifications in the proof of [8, Theorem 3.9] allow us to state the following 
result concerning odd-essential values. 

Corollary 2.9. Let T be a non empty family of non empty symmetric subsets of 
X, J £ C 1 (X,R) even and d £ R U {— oo}. Let us assume that, for every C £ Y 
and for every odd deformation <p : X x [0, 1] — > X with <p(u, t) = u on J d x [0, 1], 
it is <f(C x {1}) £ r. 

Then, taking c as in (2.2), if d < c < +oo, we have that c is an odd-essential value 
of J- 

As we have observed in the Introduction, we also deal with perturbation from 
symmetry problems, thus we restrict ourselves to consider a subset of the critical 
values of I in (1.4), so that a stability result does still hold (we also refer to [11] for 
a related result concerning changing-sign solutions of some elliptic equations). 

Actually, in Corollary 2.11 below we consider just the preservation for small 
perturbations of some critical levels of a smooth functional satisfying the (PS) 
condition. ^From the Deformation Lemma, if J £ G 1 (X, R) satisfies (PS) C and c is 
not a critical value, then for any fj > there exists ij £]0,fj[ and (p £ C(X x [0, 1], X), 
which is odd if J is even, such that ip(u, 1) = u if J(u) ^ [c—fj, c+fj] and ip(J c+n , 1) C 
J c ~''. In some sense now we require that also the other implication is true, that is 
if J c ~ v is a strong deformation retract of J c+V , then c is not critical. 

Indeed, starting from Definitions 2.3 and 2.4, we give the following definition. 



PERTURBED ASYMPTOTICALLY LINEAR PROBLEMS 



7 



Definition 2.10. A critical level c of a functional J 6 C 1 (X, R) is topologically 
relevant if it is an essential one. 

Summing up, we work with a special class of critical levels: those which are also 
essential. 

Thus, according to Definition 2.10, we point out the following consequence of 
Theorems 2.5 and 2.6. 

Corollary 2.11. Let c G R be a topologically relevant critical value of a functional 
J G C 1 (X, R) . Then, for every i] > there exists S > such that every functional 
G G C 1 (X, R) satisfying (PS) in ]c — ry, c + r/[ wii/i 

sup{|J(w) - G(u)\ :ueX}<8 

admits a critical value in]c — rj,c + rj[. 

3. The symmetric case 

In this section we deal with some existence and multiplicity results about the 
unperturbed problem 

!— Au — Xu = f(x, u) in f2, 
u = on dfl. 

In previous references on this topic, problem (Po) has been mainly studied when 
/ = f( u ) or / = f(x> u ) G C(Q, x K, R); instead here we deal with a Caratheodory 
nonlincarity / only measurable on x, thus we need a global control on its growth. 

Remark that from (Hq), (Hi) and direct computations it follows that for all 
cr > there exists A a > such that 

\f(x,t)\ < a\t\ + Ax for alH G R and a.c. x G 0. (3.1) 

Thus, the functional / defined in (1.4) is C 1 (cf. e.g. [17, Appendix C]). Hence, the 
weak solutions of problem (Po) are the critical points of /. Let us point out that 
this is true even if, instead of (1.3), we only require that 

2 N 

sup \f(-,t)\ G L»+i (f2) for all r > 0, 

\t\<r 

since i s the conjugate exponent of 2*. 

In the unperturbed non resonant case, the following result holds. 

Theorem 3.1. Assume that (Ho), (Hi) and (P3) hold. Then, problem (Po) has at 
least one solution. Moreover, under the further assumptions (H2), (H4) and (P5), 
problem (Pq) has at least dim(M/j © ... © Mf.) distinct pairs of nontrivial solutions. 

Proof. Let us point out that by (P3) functional / satisfies (PS) in R (cf. e.g. [1]). 
Hence, a standard application of the saddle point theorem (see [15, Theorem 4.6]) 
allows us to prove the existence of one solution for (Po). 

Here, we focus on the multiplicity statement concerning the critical points of J, 
which is even by assumption (H$). 

At first we restrict to the case f'(0) < 0. Hence, without loss of generality, in 
(H4) we can assume that h and k are such that 

Afc_i < f (0) + A < A h < A fc < A < Afc+i, (3.2) 
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possibly with Ao = — oo. Notice that by (3.1), fixing any a > 0, B a > exists such 
that 

I(u) < i|M| 2 - ±\u\l + + B a \u\2 for all u 6 Hfctt). 

Then, it results 

I(u) < ^X)(Aj - A + er)|iij|2 + B a \u\ 2 for all u = ^ Uj G H~{k). 

3=1 J'=l 

Hence, taking er small enough, by (3.2) the functional / tends to — oo as ||w|| diverges 
in H~(k), so there exists £ M such that /(it) < Coo for all w € H~(k). 

Next we need a control on F near to t = 0. ^From (i/i) and (i/2), for any cr > 
there exist R a , 8 a > (without loss of generality R a > 1) such that 

^(x, t) < ^|i| 2 if |i| > R a , for a.e. .t G 0, 

- ^-^-£ 2 | < ||i| 2 if |i| < &u , for a.c. x G SI 

Moreover, taking any s G [0,2* — 2[, by (1.3) there exists > such that, if 
So- < \t\ < -Ra and for a.e. a; G SI, we have 

s+2 

\F(x,t)\ < sup 1/(^:^)1^ < a Ra R,j < a Ra R a 
\t\<R„ 

Summing up, for any a > there exists a„ > large enough such that for all t G M 
and for a.e. 1 6 O wc have 

(a - /'(0)) 2 +2 (g + /'(0)) 2 1 i.is+2 / o o \ 
2 1*1 - a<j\t\ < F{x,t) < - \t\ + a a \t\ ^ , (3.3) 

which in particular implies 

/ F{x,u) dx < ( - (T+ {^\ u\ 2 2 + a(7 \u\ S stl for all u G H^tl). 
Jn 2 

By the Sobolev inequalities it results 

I{u) > \ (|M| 2 - (A + /'(0) + a)\u\l) a'Ju\\ s+2 for all u G ^(fi), (3.4) 

+00 

for a suitable > 0. On the other hand, if u = ^ uj G H + (h) 7 (3.4) implies 

/H>|£(A,-(A + /'(0)+a))h 

hence, by (3.2) and for a small enough, there exists a'^ > such that 

J(u) > a^|M| 2 - a^||u|| s+2 for all u G i? + (ft). 

So, setting S p = {u G ^o(^) : |M| = p}, if p is small enough there exists cq > 
such that /(u) > c for all u G 5 P fl H + (h). 

Moreover, considering the pseudo-index theory (5 P n H + (h),H* ,7*) related to 
the genus, .Sp n H + (h) and /, we have 

j*(H-(k))= mm j(H-(k) (1 h^iSpD H + (h))) > dim H-(k) - codim H+(h) 



PERTURBED ASYMPTOTICALLY LINEAR PROBLEMS 



9 



(cf. [3, Theorem A.2]). Hence, Theorem 2.2 applies with A := H~(k) and S := 
S p fl H + (h), so I has at least dim(M/j © ... © Mfc) distinct pairs of critical points 
corresponding to at most dim(Mf l © ... © M&) distinct critical values Cj, where c, 
is as in (2.1). 

If /'(0) > 0, using (3.3), the proof follows by applying Theorem 2.2 to the 
functional —I with A =: H + (h) and S := S p D H~(k). Let us point out that in 
this case H + {h) is infinite dimensional, then by [5, Theorem 3.4] it is 

j*(H+(h)) > dim(if-(fc) DH + (h)) - codim (H~(k) +H+{h)) 
= dim(M h ®...®M k ), 

thus the proof is complete. □ 

Remark 3.2. If in assumption (P2) it is /'(0) = 0, replacing assumption (H4) by 

F(x,t) < for a.c. ieS! and t ^ 0, 

and reasoning as in [3, Theorem 6.1], it results I(u) > Cq for all u G S p n H + (k). 
Hence we obtain dimP~(fc) — codim H + (k) = dimMj. distinct pairs of critical 
points. 

Remark 3.3. The multiplicity result stated in Theorem 3.1 still holds if the limit 
in assumption (#2) is infinite. More precisely, if the assumptions (Po), (Hi), (P3), 
(H5) hold and moreover we assume 

(Hj) there exists 
f(xt) 

lim ■ — = — 00 uniformly for a.e. x £ fl and At < A for some k £ N, 

t->o t 

then (Po) has at at least dim (Mi © ... © Mk) distinct pairs of non-trivial solutions, 
choosing in Theorem 2.2 A = H~(k) and S = S P D H+{1), i.e. S = S p . 
On the other hand, if (-H7) above is replaced by 

(H'rj) there exists 

lim — — — = +00 uniformly for a.e. x £ ft, 
t-x> t 

then (Po) has infinitely many pairs of non-trivial solutions. Indeed, fixing h such 
that Xh > A, for any k > h we can apply Theorem 2.2 to the functional —I with 
A = H + (h) and S — S p D H~(k), thus obtaining din^M^ © ... © M k ) pairs of 
solutions. The conclusion follows by the arbitrariness of k. 

Remark 3.4. Theorem 3.1 holds also in the resonant case, with assumption (Hi) 
replaced by the stronger one (H[) and (P3), (P4) replaced respectively by (P3), 
(-P4), but adding (Hq) (see also [15, Theorem 4.12]). Moreover, the arguments in 
Remarks 3.2 and 3.3 still work. 

4. Proof of the main results 

Proof of Theorem 1.1. Here, we prove only the multiplicity result, since simpler 
arguments give the existence of one solution. Indeed, by the first statement in 
Theorem 3.1 we find a critical point of the unperturbed functional / in (1.4) and 
by Theorem 2.8 the corresponding critical value is an essential one of /, hence by 
Theorems 2.5 and 2.6 the thesis follows. 
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Assume that /'(0) < and (3.2) holds (similar arguments work if f'(Q) > 0). 
Fixing any j € N, as in [12] we consider a continuous cut function 



Pj (*) = 



if \t\>j + l 

1 if \t\<j 

such that < /3j(t) < 1 if j < \t\ < j + 1. Then, let us set 

gj(x,t) = (3j(t)g(x,t) and Gj(x,t) = / gj(x,s)ds. 



Let us remark that, if g{x, ■) is odd, then choosing (3j even, it results that gj(x, •) 
and Gj(x,-) are odd and even respectively, for a.e. i 6 fi. Furthermore, there 
exists Ei(j) > such that 

ex{j)\ gj {x,t)\ < 1, eiV)\Gj(x,t)\ < 1 for all x G Q,t G R, (4.1) 

thus for any |e| < £i(j) we consider the functionals 

Ij lS (u) = I(u) — e I Gj(x,u) dx on Hq(Q). 



in 

Let m be the number of the distinct critical levels Cj of / found in Theorem 
3.1. Clearly 1 < m < dim(M/ l © ... © M*.) and < c < c u < . . . < c im < c M , 
where cq and Coo are as in the proof of Theorem 3.1. These critical levels are also 
odd-essential ones for /. Indeed, in order to prove this it suffices to apply Corollary 
2.9. Namely, we take X = H&(Sl), T = E* defined in Theorem 2.2, d = 0. Then, 
for any odd homcomorphism <p : H^tt) x [0,1] — > Hq(&V) such that <p(u,t) = u 
if < 0, we have that the set ip(C x {1}) is closed and symmetric, for each 
C G Ej. Moreover, from the supervariancy property of 7*, it is: 

7 * (p<l)) = 7* (y> (c7{i})) = 7* (c^I}) = 7*(C) > i, 



hence <^(C x {1}) belongs to E* and the conclusion follows. 

So, by Theorem 2.5 there exists £2(i) S]0,£ri(j)[ such that, if |e| < £2(j), then 
Ij iE has at least m odd-essential values df e , with i G {1, . . . , m}, such that 

y<^r <-..<4 £ <Coo + l- (4.2) 

As Jj e satisfies the Palais-Smale condition in R (cf. e.g. [1]), by Theorem 2.6, for 
each i G {1, . . . , m} 7j j£ has a critical point uf £ such that 

f p \ J -Awf £ - Auf e = /(x,uf e ) + effj(x,uf £ ) in Q, 

[ 3 ' £> \ 4 £ = ondtl 

and 

1 I - ,_ .-.„ . A 



4' e =z iVutrdx-^ Wrdx- (/■;,•.< 1 • -CJ,:,,: )) dx 



/n ^ Jn 

We claim that 



J ' £ n<Ci for all j GN, |e| <e 2 (j),i G {l,...,m}. (4.3) 
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Firstly, for all u £ Hq (0), as u = u + + u with u + £ H + (k + 1) and u 6 H~(k), 
standard computations show that there exists S > such that 

\\u+\\ 2 - X\u+\ 2 = (A* - X)\ui\l > 5\\u+\\\ (4.4) 

i=k+l 

X\u~\ 2 - \\u-\\l = J2(X X t )\u t \ 2 > SWu-f. (4.5) 
i=i 

Clearly, from [Pj, e ) and (4.1) we have 

iiK' e ) + ii 2 -Ai(«n + i2< / i/(x, u r)n(un + idx+i(un + ii, 
AK«r)-i2-n«)-ii 2 < / \f(x,ur)\\( U rr\dx+\(ur)-\i. 

Jn 

Hence, by (3.1) and (4.4), respectively (4.5), for suitable e, C*2 > 0, by standard 
computations we obtain 

(5-e)||(uf) + || 2 < £ >f f + C 2 ||uf ||, 

respectively 

(<5- £ -)HK' £ )-f < e -|| u f f + C 2 K' £ ||. 

Putting together the two previous inequalities and choosing e small enough, we get 
that (4.3) holds. 

Using regularity results and a standard bootstrap method, we show that from 
(4.3) we have 

|«?' e |oo<C 3 foraUjeN,|e|<e 2 (i),ie{l,...,m}. (4.6) 
Indeed, for j fixed, u\' e £ L 2 (f2) and so, as / is sublinear, also 
0f 6 (x,uf e ) := Xuf £ + f{x,uf e ) +£5 J (x,wf e ) 
belongs to L 2 '(il). Then, by [17, Theorem B.2], it follows that u{' £ £ H^ 2 " ' (tt) and 

\\4 E \\ H ' -" ^ c * (k ,£ i** + w{x,v?nw) . 

Then from (4.3) we get 

\\uf £ \\ H 2,2* < C 5 . 

Now, from [17, Theorem A.5], if N < 5, (4.6) is true. Otherwise, if N > 6 (N = 6 is 
a simpler case), as H^ 2 (fl) is continuously embedded in L q * (fi), with q* = -^zq, 

we have that and (f>f e (x, uf £ ) are in -H^' 9 (^2) and, applying again [17, Theorem 
B.2], we get (4.6) for N < 9. Going on in this way, (4.6) holds for any N £ N. 
Finally, for j > C3, problem (P e ) has at least fh pairs of solutions. □ 

Remark 4.1. By Remarks 3.2, 3.3 and corresponding suitable changes, the result 
in Theorem 1.1 still holds if in (H 2 ) it is /'(0) = or /'(0) £ {±00}, with fh > 1 
number of the distinct critical levels of the unpertubed functional. 

Proof of Theorem 1.2. Let us consider the cut functions j3j and the notations as in 
the proof of Theorem 1.1. Under our assumptions the functionals / and satisfy 
(PS) (see [15, Theorem 4.12]). Then Ij. £ has at least fh odd-essential values d\' e 
verifying (4.2). Now each u £ H^(Vt) can be written as u = u + + u~ + u°, with 
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u + 6 H + (k + l),u 6 H (k — 1) and uq <G Mk- Again standard computations 
show that there exists 5 > such that 

\\u+\\ 2 -X k \u+\ 2 >6\\u+\\ 2 , (4.7) 

X k \u-\ 2 -\\u-\\ 2 2 >S\\u-\\ 2 . (4.8) 
^From (4.1), (P,- jE ) and (4.7)-(4.8), it follows that 

|IK' £ ) ± || < C! for all j G N, \e\ < e 2 (j),i G {1, . . . ,m}. 

We claim that also ||(wf e )°|| is bounded. Indeed, again (H[) and standard argu- 
ments imply 

/ F(x,u)dx <C 2 ||u|| for all u G Hq(Q); 
Jn 

thus, as 

Ij,M' e ) < coo + 1 for all j G N, |e| < £ 2 (j),i G {1, . . .,m}, 

the thesis follows by (4.1) and reasoning as in [15, Theorem 4.12 and Lemma 4.21]. 
□ 

Proof of Theorem 1.3. In this case, once found the critical values of / by Theorem 
3.1, as they are assumed to be topologically relevant, we can apply Corollary 2.11: 
so there exists £2(j) G]0,£i(j)] such that, if |e| < £2(^)1 then Ij >s has at least m 
critical values d 3 k ,e , with k G { 1 , . . . , m}, such that (4.2) holds. Then we proceed as 
in the proof of Theorem 1.1. □ 

Proof of Theorem 1.4. It is enough to combine the arguments in the proofs of 
Theorems 1.2 and 1.3. □ 
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